Integral Calculus — Worked Examples

Key Facts / Formulas

n+1 1
e Antiderivative rules: /x”dx = 1+C’ (n# —1); /—dx =Inlz|+C; [edr = Le® +C;
n x
[sinaz dv = -1 cosaz + C; [ cosardr = Lsinaz + C.

e Substitution: if u = g(x), then /f(g(x))g’(x) dr = /f(u) du.

e Integration by parts: /udv = UV — /Udu.

e Partial fractions (distinct linear factors): = +
b
e Definite integral: / f(z)dx = F(b) — F(a) for any antiderivative F' of f.
b
e Area between curves y = f(x) above y = g(z) on [a, b]: / (f(z) — g(z)) dz.
1 b
e Average value on [a,b]: fayg = m/ f(x)dx.

b n—1
e Trapezoidal rule with step h = =% / f(z)dr =~ %(fo +2 Z fr + fn).
@ k=1
Example 1 Basic antiderivative of a polynomial
Find / (42° — 32® + 22 — 7) du.

Integrate term by term:

/4:U5 dr = %xﬁ = %:1:6, /(—3333) dr = —%x‘*, /2;1: dr = 22, /(—7) dr = —Tx.

Hence

/(4x5—3x3+2x—7)dx:%xﬁ—%x4+m2—7x+0.

%xﬁ—%x4+:ﬁ2—7x+0
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Example 2 Definite integral of a polynomial

3
Evaluate / (3.1'2 —4x + 5) dz.
1

An antiderivative is z® — 222 + 5z. Thus
3
[0 = 202 4 52| = (27~ 18+15) = (1 -2+ 5) = (24) - (4) = 20.
1

Example 3 Substitution producing a logarithm

4
Find / 6x—+ dx
(3x +2)2

Let w =3z 4 2, so du = 3dx and dx = d?“. Note 6z + 4 = 2(3z + 2) = 2u. Then

6x + 4 2u du 2 2 2
——dr= | — — == Ldu==1 C=-Inl3 2|+ C.
/(3x+2)2 x /u2 2 3/u u 3n]u\—i— 3n]3:—|— | +

2Inf3z+2[+C

Example 4 Substitution with a quadratic inside a trig function
Find /xcos(2x2) dx.

Let u = 227, du = 4z dz, so x dx = 2. Then

1 1
/cosudu = Zsinu +C = Z—Lsin(2x2) +C.

|

/ x cos(22?) dx =

1sin(22%) + C

Example 5 Integration by parts: polynomial times exponential

Evaluate | ze®* dx.

Let u =z (du = dx) and dv = €**dx (v =

1 1 2z
/xezxdx:uv—/vdu:fe%—/éez’”dx:zeh—é—le%—i-czef@x—l)—i-a

Example 6 Integration by parts: / Inxdx

Show that /lna:dx =zghhe—z+C.

Go to ww.eamonboyletutoring.com for more resources
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Let u=Inz (du = 1dz) and dv = dz (v = z). Then

/lnxdmlenx—/x-ldx:xlnx—/ldx:xlnx—x—l—a

T

’xlnx—x—i—C"

Example 7 Partial fractions with distinct linear factors
. 3T+ 5
Find | ———dxz.

2 —x—2
Factor the denominator: 22 —z — 2 = (z — 2)(x + 1). Write
3r+5 A B
G-+ 1) z-2 a4l
So3x+5=A(r+1)+ B(zr —2) = (A+ B)x + (A — 2B). Equate coefficients:
A+B=3, A-2B=5 = 3B=-2=B=-% A=3-B=4.

Hence

3 +5 11 [ de 2 [ de 11 2
i _z -2l - 21 1+ C.
/.1:2—35—2 S N 3/x+1 g e =2[ = ghnfet+ 1]+

YInjz—2/-2lnjz+1/+C

Example 8 Definite area between two curves
Find the area enclosed by y = 2 + 2 and y = 2? between their points of intersection.

Solvez +2=2*=2>-2-2=0= (z—2)(x+1) =0,s0 x = —1,2. On [-1,2],
x + 2 > 2% Thus

Example 9 Average value on an interval
Find the average value of f(z) =sinz + 1 on [0, 7.

™

1 T 1 ™ 1
favg:—o/ (sinm—{—l)dazz—[—cosx—l—x} =—(—cosm+m—(—cos0+0)).
T—0J, 0

i
Since cosm™ = —1 and cos0 =1,

1 T+ 2 2

av = — 1 —_— —1 = :1 .

Jave 7T( +7—( )) - +ﬂ_

1+2

Go to ww.eamonboyletutoring.com for more resources



Year 12 Advanced Integral Calculus EBTS

Example 10 Trapezoidal rule approximation

2

Approximate / e da using the trapezoidal rule with n = 4 equal subintervals.
0

Step h = 2 = 0.5. Points z; = 0,0.5,1.0,1.5,2.0 and

fo=e"=1, f =e % =0.7788008,
fo=e1=0.3678794, f3=-e 2% =0.105399, f,=e*=0.018315.

Trapezoidal:

h
T=3 ( fot2(futfotfa)+ f4) = 0.25<1+2(0.7788008+0.3678794+0.105399)+0.018315).

Inside sum = 1 + 2(1.2520792) + 0.018315 = 1 + 2.5041584 + 0.018315 = 3.5224734.
Hence
T =0.25 x 3.5224734 = 0.880618.

(Exact value &~ 0.882081; error ~ 1.46 x 1073.)

0.8806 (to 4 d.p.)
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